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SENSITIVITY OF SHORT-PERIOD TRACKING DATA 
FROM A LUNAR SATELLITE TO THE 
LUNAR GRAVITATIONAL FIELD HARMONICS 
By William R. Wells 
Langley Research Center 
A study has been made t o  determine t h e  s e n s i t i v i t y  of short-period t racking  
da ta  from a lunar  s a t e l l i t e  t o  t h e  zonal harmonics up t o  degree four  and t o  the  
f i r s t  two s e c t o r i a l  harmonics (which a re  even funct ions of t he  longitude) of 
t he  lunar  g rav i t a t iona l  po ten t ia l .  The s e n s i t i v i t y  of t he  t racking  data  i s  
indicated by the  d i f fe rences  which r e s u l t  whenever the range and range-rate 
values ( r e l a t i v e  t o  the center  of the  ear th)  a r e  computed with and without var­
ious g rav i t a t iona l  components present i n  the  g rav i t a t iona l  po ten t i a l  funct ion.  
A parametric study of the  e f f e c t  of i nc l ina t ion  and nodal pos i t ion  on these 
s e n s i t i v i t i e s  i s  a l s o  presented. 
INTRODUCTION 
The use of a r t i f i c i a l  s a t e l l i t e s  t o  determine the  ex terna l  g rav i t a t iona l  
f i e l d  of t he  moon i s  cur ren t ly  under invest igat ion.  The success of t h i s  tech­
nique w i l l  depend, t o  a great  extent ,  upon the  s e n s i t i v i t y  of t h e  t racking data ,  
t h a t  i s ,  range and range-rate measurements of the  o rb i t i ng  lunar s a t e l l i t e  t o  
the  lunar g rav i t a t iona l  f i e l d ,  and upon the  ease w i t h  which th i s  f i e l d  can be 
separated i n t o  i t s  various components. Once t h i s  separation has been accom­
pl ished,  the  e f f e c t  of each component on the range and range r a t e  can be 
accounted f o r  individual ly  by means of a harmonic analysis .  An indicat ion of 
t he  s e n s i t i v i t y  of t he  t racking  da ta  t o  each of these components i s  indicated 
i n  the  difference i n  the  calculated values of range and range r a t e  with and 
without a p a r t i c u l a r  harmonic present i n  the  ca lcu la t ion .  
The purpose of th i s  paper i s  t o  present an a n a l y t i c a l  determination of t he  
s e n s i t i v i t y  of the  range and range r a t e  of lunar  s a t e l l i t e s  t o  various compo­
nents  of t he  lunar  g rav i t a t iona l  f i e l d  during several  s a t e l l i t e  o r b i t a l  periods.  
A comparison of these  s e n s i t i v i t i e s  t o  the  t racking noise l e v e l  should provide 
a preliminary ind ica t ion  of t he  response of t h e  t racking  data  measurements t o  
t h e  lunar  g rav i t a t iona l  f i e l d .  
SYMBOLS 

a ,e ,i , o , R  ,M Keplerian elements 
Aa,Ae ,Ai,A.@,&I perturbat ions i n  Keplerian elements 
bly . . .,b5 coef f ic ien ts  defined by equation (�322) 
C J. = s c o s j v  dv ( j  = 1,2, . . .) 
Cnm, S n m  coe f f i c i en t s  of lunar-gravi ta t ional-potent ia l  harmonics 
d l '  - 4 5  coef f ic ien ts  defined by equation (B23) 
D mean dis tance between centers  of e a r t h  and moon, 384,402 km 

E eccent r ic  anomaly, rad 

f l ,  . . . , f 4  coef f ic ien ts  defined by equation ( ~ 1 8 )  

F row vector formed by p a r t i a l  der iva t ives  of range with respect 
t o  Keplerian elements 
gl, * - .A7 coef f ic ien ts  defined by equation (BlfS) 
G row vector  formed by p a r t i a l  der iva t ives  or range r a t e  with 
respect t o  Keplerian elements 
h' angular-momentum vector of s a t e l l i t e ,  km'/sec 
hly . . .,h5 coef f ic ien ts  defined by equation (B21) 
'10~'1lJ122J140 i n t e g r a l s  defined by equations ( B ~ c ) ,  (Bloc) , (�314~), 
and (B20c) , respect ively 
2 1Y m l  Y kl d i rec t ion  cosines of the  pos i t ion  vector r e l a t i v e  t o  
x ,y ,z -axis system 
- + +
22 Y m2 Y k2 d i rec t ion  cosines of the  vector h X r r e l a t i v e  t o  
x ' , y ' , z ' - ax i s  system 
2 3 Y m3 ,k3 di rec t ion  cosines of the  angular-momentum vector r e l a t ive  t o  
the  x y ' ,z -axis system 
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mean motion of moon about ear th ,  0.27 x 10-5rad/sec 
associated Legendre funct ion 
dis tance from center  of moon t o  satel l i te ,  k m  
pos i t ion  vector  from center  of moon t o  satell i te,  km 
disturbing funct ion due t o  a nonspherical nonhomogeneous moon, 
km'/sec' 
mean radius  of moon, 1738.1 km 
mth component of R as defined by equation (B3) 
t i m e ,  sec 
lunar  g rav i t a t iona l  po ten t i a l  function , km2/sec2 
t r u e  anomaly, rad 
Cartesian coordinates with respect t o  an i n e r t i a l  coordinate 
system 
Cartesian coordinates with respect t o  a moon-fixed coordinate 
system 
coordinates of center  of mass of moon with respect t o  
x I ,y ',z '-axis system 
column vector  formed by perturbation i n  Keplerian elements 
angle between l i n e  joining ea r th  and moon centers  and l i n e  
joining moon and satel l i te  centers,  rad 
vernal equinox 
longitude of s a t e l l i t e  measured i n  equator ia l  plane of moon from 
mean earth-moon l i n e ,  pos i t ive  eastward, deg 
product of g rav i t a t iona l  constant and m a s s  of moon, 
4902.8 km3/sec2 
range of satel l i te  measured from center  of ear th ,  km 
per turbat ion i n  range, km 
va r i a t ion  i n  range due t o  var ia t ion  i n  coef f ic ien t  of gravi ta­









R '  
Subs c r i p t s  : 
m,n 
range r a t e  of s a t e l l i t e  measured r e l a t i v e  t o  center  of ear th ,  
km/sec 
per turbat ion i n  range ra te ,  km/sec 
va r i a t ion  i n  range r a t e  due t o  va r i a t ion  i n  coef f ic ien t  of 
g rav i t a t iona l  harmonic, km/sec 
l a t i t u d e  of s a t e l l i t e  measured from lunar  equator, pos i t ive  
northward, rad 
longitude of ascending node measured from mean earth-moon l i n e ,  
pos i t ive  eastward, rad 
mth order and nth degree of harmonic 
nominal value 
A dot over a symbol denotes d i f f e r e n t i a t i o n  with respect  t o  time. 
GENERAL CONSIDERATIONS 
Analytical  Formulation of Problem 
A lunar  s a t e l l i t e  w i l l  experience small per turbat ions i n  i t s  o r b i t a l  e le ­
ments due t o  the  influence of the  higher order harmonics of t he  lunar  grav i ta ­
t i o n a l  po ten t i a l  function. These disturbances w i l l  a l so  cause va r i a t ions  i n  the  
t racking data  measurements since the  range and range-rate measurements can be 
r e l a t ed  t o  the  osculat ing o r  time-varying elements of t h e  s a t e l l i t e  o r b i t .  The 
difference i n  range and range r a t e  computed with and without a pa r t i cu la r  grav­
i t a t i o n a l  harmonic w i l l  be defined as the  s e n s i t i v i t y  of the  t racking data  from 
a lunar s a t e l l i t e  t o  t h a t  harmonic. 
For t h i s  ana lys i s  the  expressions f o r  the  range and range r a t e  of the  lunar  
s a t e l l i t e ,  i n  terms of t h e  osculat ing elements, w i l l  be given r e l a t i v e  t o  the  
center  of t he  ear th .  I n  addition, it w i l l  be assumed t h a t  t he  lunar  equator ia l  
plane and the  earth-moon plane are  coincident and t h a t  t he  moon i s  assumed t o  
revolve about the  e a r t h  i n  a c i r cu la r  o r b i t .  It can be shown t h a t  the  assump­
t i o n  of coincidence of lunar  equator ia l  and earth-moon planes i s  wel l  j u s t i f i e d  
with respect t o  range and range-rate measurements i f  t he  r a t i o  a/D i s  much 
l e s s  than uni ty ,  t h a t  i s ,  f o r  the  case of close lunar  s a t e l l i t e s .  
The range of t he  s a t e l l i t e  i s  given by ( s e e  f i g .  1): 




z1 I cos p = cos(u) + v)cos R '  - cos i s i n  R '  s i n (u  + v)  
An expression f o r  the  range r a t e  of the  s a t e l l i t e  can be obtained from a 
d i r e c t  d i f f e ren t i a t ion ,  with respect  t o  time, of t h e  range a s  given by equa­
t i o n  (l), t h a t  i s ,  
The per turbat ion i n  range and range r a t e  due t o  a disturbance can be 
obtained ana ly t i ca l ly  by expanding equations (1)and (2) about t h e i r  undis­
turbed values i n  a Taylor * s s e r i e s  
It w i l l  be assumed i n  t h i s  ana lys i s  t h a t ,  over a few o r b i t a l  periods, the  
per turbat ions i n  the  elements are s u f f i c i e n t l y  s m a l l  so t h a t  t h e  second-order 
tex"S, 0 [(Aa)2], i n  equations (3) can be dropped. Thus, the  expressions f o r  




where the  vec tors  F, G, and Act a re  defined as 
The elements of the  vectors  F and G can be obtained ana ly t i ca l ly  
through use of  equations (1)and (2)  . If  E represents  any of the  elements, 
a, e,  i, (u, R,  or M, then 
where 
Expressions for the  p a r t i a l  der iva t ives ,  
i n  appendix A. 
Equations (4) express the  f i r s t -o rde r  per turbat ions i n  range and range 
r a t e  f o r  any general  disturbance. These expressions w i l l  be used, i n  t h i s  
analysis ,  t o  compute t h e  per turbat ions i n  p and due t o  the  higher order 
harmonics of the  lunar  g rav i t a t iona l  f i e l d .  
6 
The elements of Au are obtained a f t e r  a discussion of the lunar  dis turb­
ance function. Each component of t h e  moon's grav i ta t iona l  f i e l d  and i t s  e f f e c t  
on the  range and range rate of a lunar  s a t e l l i t e  can be accounted f o r  individu­
a l l y  by an harmonic analysis .  The lunar  grav i ta t iona l  po ten t i a l  can be wr i t ten  
i n  a form s i m i l a r  t o  t h a t  recommended f o r  t h e  ea r th  po ten t i a l  (see r e f .  1) as 
The associated Legendre function appearing i n  equation (7) i s  computed by 
t h e  equation 
k 
P,(sin $1 = 21 (-1jt(2n - 2t ) !s in  n-m-2tg 
2n t =o t ! (n  - m - 2t)!(n - t)! 
where 
k = -n - m  i f  n - m i s  even
2 
and 
k =  n - m - 1  i f  n - m i s  odd
2 
The po ten t i a l  funct ion i s  defined i n  equation (7) so t h a t  t h e  motion of 
the  s a t e l l i t e  r e l a t i v e  t o  the  moon i s  determined by the  vector r e l a t ion  
..	+
r = W  (9) 
The f i r s t  term of U causes e l l i p t i c  motion of the s a t e l l i t e  about t he  moon 
which can be described by a constant set of Keplerian elements. The remaining 
terms, which make up t h e  function known as a dis turbing function, cause higher 
order per turbat ions t o  t h e  e l l i p t i c  motion which can be formulated i n  terms of 
time-varying per turbat ions i n  t h e  elements. These time-varying per turbat ions 
are determined from a solut ion of Lagrange's planetary equations given i n  ref­
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The d is turb ing  funct ion R i s  defined as 
The funct ion R can be expressed i n  terms of the  angular o r b i t a l  elements and 
t h e  t r u e  anomaly of t he  o r b i t ,  by use of t he  following r e l a t ions  determined 
from f igure  1 
s i n  $ = s i n  i sin(w + v) ( 1 2 4  
cos $ cos EI = cos R '  cos(w + v)  - cos i s i n  R '  sin(co + v) (12b 
cos $ s i n  e = s i n  R '  cos(co + v)  + cos i cos R '  sin(co + v)  
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The per turbat ions i n  p and 
(e.g., t h e  harmonic with coef f ic ien t  
due t o  an individual  harmonic of R 
c,) from equation (4)  are 
Values of h ( C m )  f o r  various values of n and m are given i n  appendix B.  
Variations of these per turbat ions due t o  var ia t ions  i n  the coef f ic ien t  C, 

are given as 
Equations (14) follow d i r e c t l y  from equations (13) since it has been assumed 
t h a t  t he  per turbat ions i n  the  elements a re  l i n e a r  i n  t h e  coef f ic ien ts  of t he  
g rav i t a t iona l  harmonics. 
The va r i a t ions  i n  Ap and Ab given by equations (14) have been previ­
ously defined as the  s e n s i t i v i t y  of t he  t racking data t o  the  lunar  grav i ta ­
t i o n a l  harmonics. The determination of t h e i r  behavior with time i s  the  purpose 
of t h i s  analysis .  
ANALYSIS OF RANGE AND RANGE-RATE SENSITIVITIES 
I n  the  following analysis ,  a time h i s to ry  of t h e  range and range-rate sen­
s i t i v i t i e s  w i l l  be considered for var ia t ions  i n  the  coef f ic ien ts  '2x0, C 1 1 ,  
(220, '222, C 3 0 ,  and C40. The magnitudes of these va r i a t ions  a re  taken t o  
correspond t o  t h e  smallest  values t h a t  cause va r i a t ions  i n  Ap and which 
l i e  outside t h e  assumed noise l e v e l  a t  some t i m e  during the  t racking phase. 
The o r b i t  used f o r  t h i s  ana lys i s  has pericentron and apocentron a l t i t u d e s  of 
46 and 1850 kilometers, respect ively.  The value of t h e  argument of pericentron 
i s  taken as 0' and i s  assumed t o  be constant f o r  t h e  short  t i m e s  considered i n  
t h e  analysis .  However, a parametric study i s  performed on t h e  e f f e c t s  of 
i nc l ina t ion  and nodal pos i t ions  on t h e  s e n s i t i v i t y  of t h e  t racking data.  
The t i m e  dependence of t h e  range-rate and range s e n s i t i v i t i e s  i s  given i n  
f igures  2 and 3 f o r  t h ree  consecutive o r b i t s .  The t racking noise l e v e l  i s  
indicated i n  these f igu res  as 15 meters i n  range and 0.002 meter per second i n  
9 
range r a t e .  These a r e  values of the  accuracy i n  range and range-rate measure­
ments cur ren t ly  bel ieved f eas ib l e .  
I l l u s t r a t e d  i n  f i g u r e s  2 (a ) ,  2(b),  3(a), and 3(b) i s  the  per iodic  behavior 
of t he  range-rate and range va r i a t ions  due t o  va r i a t ions  i n  the  coef f ic ien ts  
Clo and C11 of 10-3. Since these two coe f f i c i en t s  can be r e l a t ed  t o  the  
loca t ion  of the  center  of mass of t he  moon r e l a t i v e  t o  the  o r ig in  of an assumed-
coordinate system ( Z '  = RMC1l, y'  = RMSll, z '  = RMClo), t h e i r  va r i a t ions  rep­
resent  an uncer ta in ty  i n  t h e  loca t ion  of t h e  moon's center  of mass. 
C ~ O  and C 1 1  of 10-3correspond t o  an uncer ta in ty  of about 1.7 meters i n  the  
Values of 
loca t ion  of t h e  moon's center of mass along the  x'- and 2'-axes. The r e s u l t s  
of f i gu res  2(a)  and 2(b) ind ica te  t h a t  values of Clo and Cll of the  order 
of 10-5may be detectable  i n  the  range-rate data  during the  f irst  th ree  o r b i t s  
of tracking. Figure 3 ( a ) ,  however, i nd ica t e s  t h a t  t he  va r i a t ion  i n  range does 
not exceed the  assumed noise l e v e l  f o r  t h i s  va r i a t ion  i n  C1o.  
The s e n s i t i v i t y  of t racking data  measurements t o  va r i a t ions  i n  C20 i s  
given i n  f i g u r e s  2(c)  and 3 ( c ) .  The va r i a t ion  i n  range r a t e  i s  above the  noise 
l e v e l  during the  f i r s t  o r b i t  f o r  a va r i a t ion  i n  C2o of The range va r i ­
a t i o n  becomes g rea t e r  than the noise l e v e l  during the  second o r b i t  f o r  t h i s  
va r i a t ion  i n  C20. The secular  e f f e c t  ( l i n e a r  change with time) of the  second 
zonal harmonic i s  evident i n  the  second and t h i r d  o r b i t s .  
The s e n s i t i v i t y  of t he  t racking data measurements t o  a va r i a t ion  i n  the  
coef f ic ien t  C22 of 10-7 i s  given i n  f igu res  2(d)  and 3(d).  The va r i a t ions  i n  
both  range and range r a t e  a r e  beyond the  noise  l e v e l  i n  the  second o r b i t  and 
continue t o  grow secular ly  with subsequent o r b i t s .  These r e s u l t s  ind ica te  t h a t  
t he  radar  measurement should be highly sens i t i ve  t o  t h e  e f f e c t s  of the  second 
s e c t o r i a l  harmonic of t he  lunar  g rav i t a t iona l  f i e l d .  
The s e n s i t i v i t y  of the  t racking  data measurements t o  a va r i a t ion  i n  C30 

of 10-3 i s  given i n  f igu res  2(e)  and 3 ( e ) .  These r e s u l t s  ind ica te  the  range 
and range-rate measurements should be f a i r l y  sens i t i ve  t o  the e f f e c t s  of t h e  
t h i r d  zonal harmonic during the  f i r s t  o r b i t  of t rack ing .  This s e n s i t i v i t y  
increases  with addi t iona l  t racking time as evidenced by the  long-period var ia ­
t i o n s  (va r i a t ions  with angular frequency w) i n  t h e  range and range-rate values 
i n  the  second and t h i r d  o r b i t s .  
The s e n s i t i v i t y  of t racking  data  measurements t o  a va r i a t ion  i n  C40 
of 10-6 i s  given i n  f igu res  2 ( f )  and 3 ( f ) .  The va r i a t ion  i n  and range r a t e ,  
due t o  t h i s  harmonic, exceed the  noise l e v e l  a f t e r  one o r b i t  of tracking; t he  
va r i a t ion  i n  range exceeds the  noise  l e v e l  only a f t e r  t he  second o r b i t .  The 
long-period and secular  e f f e c t s  of t he  fou r th  zonal harmonic on these values 
a r e  evident i n  the  second and t h i r d  o r b i t s .  
The e f f e c t  of varying nodal pos i t ions  on the  t racking data s e n s i t i v i t y  
during one o r b i t a l  period i s  shown i n  f igu res  4 and 5 .  The peak magnitudes of 
10 

t h e  range and range-rate va r i a t ions  change l i t t l e ,  with t h e  exception of those 
due t o  t h e  second s e c t o r i a l  harmonic, with nodal posi t ions during one o r b i t  of 
tracking. Figures 4(d) and 5(d) ind ica te  the  s e n s i t i v i t y  of t he  t racking da ta  
t o  the  second s e c t o r i a l  harmonic t o  be highly dependent on t h e  i n i t i a l  nodal 
posi t ion of t he  s a t e l l i t e  o r b i t .  
I n  a determination of g rav i t a t iona l  constants, t he  a b i l i t y  t o  change the  
inc l ina t ion  of t h e  s a t e l l i t e  o r b i t  plane may a i d  i n  t h e  separation of highly 
correlated coef f ic ien ts .  This separation could be accomplished by t h e  use of 
more than one s a t e l l i t e .  The e f f e c t  of varying the  inc l ina t ion  on the  t racking 
data  s e n s i t i v i t y  i s  shown i n  figures 6 and 7 f o r  one o r b i t a l  period. With the  
exception of t he  odd zonal harmonics represented by Clo and C30, t he  sensi­
t i v i t i e s  are slowly varying funct ions of t h e  inc l ina t ion .  
The s e n s i t i v i t y  of the t racking da ta  t o  the  odd zonal harmonics i s  approx­
imately proportional t o  s i n  i as indicated i n  f igu res  6(a) ,  6(e) ,  7(a), 
and 7(e). 
CONCLUDING RENAFKS 
A study of t h e  s e n s i t i v i t y  of short-period t racking data  from a lunar  
s a t e l l i t e  t o  the  harmonics of t he  lunar g rav i t a t iona l  f i e l d  with coef f ic ien ts  
C l o ,  (211, C20, C22, C30, and C40 has been performed. It was shown that 
the  range and range-rate measurements, r e l a t i v e  t o  t h e  center  of t he  ear th ,  a r e  
su f f i c i en t ly  sens i t ive  t o  t h e  f i rs t ,  t h i r d ,  and four th  zonal harmonics so t h a t  
va r i a t ions  i n  t h e i r  coe f f i c i en t s  of t he  order 10-5 cause va r i a t ions  beyond t h e  
noise l e v e l  during one o r b i t  of t racking.  I n  the  case of t he  second-order 
zonal and s e c t o r i a l  harmonics, a var ia t ion  of t he  order of loe6 w i l l  cause a 
va r i a t ion  i n  range and range r a t e  beyond t h e  noise leve l .  I n  a l l  cases, t h e  
s e n s i t i v i t i e s  of the t racking data  a re  g rea t ly  amplified af ter  three  full 
o r b i t s  of t racking.  This amplification resul ted from the secular  and long-
period e f f e c t s  of t he  harmonics. 
It w a s  shown t h a t  t h e  e f f e c t  of varying t h e  nodal posi t ions changed the  
m a x i m u m  s e n s i t i v i t y  of range and range-rate measurements t o  the  grav i ta t iona l  
harmonics only s l i gh t ly ,  with the  exception of the second s e c t o r i a l  harmonic. 
The e f f e c t  of varying the  inc l ina t ion  w a s  t o  cause t h e  s e n s i t i v i t i e s  t o  t h e  
g rav i t a t iona l  harmonics t o  vary slowly with the  exception of the  f irst- and 
third-order zonal harmonics, which vary approximately as the  s ine  of t h e  
inc l ina t ion .  
Langley Research Center, 
National Aeronautics and Space Administration, 





EVALUATION OF THE PARTIAL DERIVATIVES OCCURRING I N  F AND G 
-, and - needed f o r  t h e  evalua-The p a r t i a l  der iva t ives  ar 3x1 a;. ai, a� a� a� aE 
t i o n  of t h e  vectors  F and G defined by equations (5a) and (3)can be 
obtained ana ly t i ca l ly  from the  expression f o r  two-body e l l i p t i c a l  motion 
wr i t ten  i n  terms of t h e  osculat ing elements. The two-body r e s u l t s  needed a re  
taken from reference 2. They a r e  
cos E - ecos v = 
1 - e cos E 
s i n  v = d 1 - e2sin E 
1 - e cos E 
M = E  - e s in  E (Am 
+ + +  4
The following d i r ec t ion  cosines of t h e  vec tors  r, h X r, and h r e l a ­
t i v e  t o  the  x ' ,y ' , z ' -ax is  system a r e  given f o r  convenience since they w i l l  
occur f requent ly  i n  the  analysis :  
z1 = COS(UI + v)cos R' - cos i s i n  R' sin(cu + v) (A24 
m l  = COS(W + v ) s i n  R' + cos i cos R' sin(u, + v)  (Am 
kl = s i n  i sin(co + v)  (A24 
2 2  = -cos R' sin(w + v )  - cos i s i n  R' COS(CD + v )  ( A 3 a  1 
m2 = cos R' cos i COS(LU + v)  - s in  R' s in  (CD + v )  (A3b ) 
k2 = s i n  i COS(CD + v)  ( A 3 4  
12 
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APPENDIX A 
l3  = s i n  i s i n  R '  
m3 = -cos R '  s i n  i 
k3 = cos i 
arEvaluation of - and -a11 a�  a� 
From equation (Al) 
ar 2 - -
 ~ C O ES - e )  = -a cos v= 
ae 
ar a2 s i n E 












Evaluation of - and -a� a� 
From equations ( A l )  and (A2) 

















EVALUATION OF AX 
abuThe elements of t h e  vector  - can be obtained once a solution f o r  AX 
acnm 
from the  Lagrange planetary equations i s  accomplished. One form of the  solu­
t i o n  t o  these equations i s  given i n  reference 4. For t h e  l imited number of 
harmonics t r ea t ed  i n  t h i s  ana lys i s  ( i . e . ,  t he  harmonics with coef f ic ien ts  C ~ O ,  
(211, C20, C22, C30, and C40) it w a s  found t o  be convenient, as wel l  as 
in s t ruc t ive ,  t o  develop expressions for t h e  components of AX as follows. The 
integrated form of Lagrange's equations f o r  an individual  component of t h e  lunar 
po ten t i a l  w i l l  be wr i t ten  as: 
t 
Aa = [&RnIj  
t 0  
Ae = [.2-: R, ­
n a e  na2e 
t 
A i = [  cot  i &, % csc i-






Ra = f h d t  
aa 
and 
C, cos me sin pI) 
Note t h a t  i s  t h e  n,mth component of t he  even p a r t  of the disturbance 
function. 
The use of equations ( B l )  and (B2) w i l l  be i l l u s t r a t e d  f o r  t he  case of the  
per turbat ions caused by R10. 
Perturbations Due t o  R10 
The disturbance function R10 i s  given by equation (B3)  a s  
18 
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The p a r t i a l  der iva t ives  t o  be subst i tuted i n t o  equation (B2) a r e  computed 
a s  follows: 
-
- PRM-clo(:r s i n  iE(:)cos v sin(cu + v) + ( 2  + e cos v ) s i n  v COS((U + v)  
a2 1 - e  2 -
These r e s u l t s  can now be in tegra ted  with respect t o  t i m e  t o  obtain t h e  
proper values of Ra, Re, Ri, %, and % a s  expressed by equation ( B 2 ) .  
Since v i s  t h e  independent var iab le  i n  these p a r t i a l  der ivat ives ,  it i s  
advantageous t o  in t eg ra t e  with respect  t o  v ra ther  than t .  This in tegra t ion  
can be accomplished by using the  two-body r e s u l t  




The values of CJ ( j  = 1, 2, . . .) appearing i n  equations ( B D )  and (B7c) 
are defined as 





These expressions can be computed, once C1 and Cg a re  determined, by the  
recursive r e l a t ion  
Subst i tut ion of t h e  r e s u l t s  of equations (B7) i n t o  equations ( B l )  provide 
the  desired expressions f o r  t h e  elements of h. 
Perturbat ions Due t o  Rll 
The disturbance function Rll i s  
R 1 1  = 1 4 d ha- ( -~Eos R '  cos(U + v)  - cos i s i n  R' sin(w + v g  (B9)
a2 r 
Proceeding as  before, the  following r e s u l t s  a r e  obtained: 
Ra = - 2nREIc11 E o s  R '  s i n (u  + v )  + cos i s in  R '  COS(U + VI ( B l O a )  
r-. 
e 
Re = 111 - (cos  R' s i n  cu + cos i s i n  f i t )  
+ (cos R' cos cu - cos i s i n  R '  s i n  cu) (2~ + eCl - 2 ~ 2­
where 






R , = - cos 5 2 '  cos((u + v)  + cos i s i n  R '  sin(w + v u  ( B l O e )  
Perturbations Due t o  R20 
The per turbat ions due t o  R20 are taken from ex i s t ing  expressions as 
given i n  reference 3. The only difference i s  t h a t  t he  present ana lys i s  includes 
the  secular  term i n  t h e  dis turbing function which i s  not included i n  t h e  analy­
s is  of reference 3 .  The dis turbing f inet ion f o r  t he  present ana lys i s  i s  
while t h a t  used i n  reference 3 i s  
R 2 0  - & J, R20 dM 
or 

For t h i s  case, t he  expressions given i n  equations (B2) a re  not considered 
since the  per turbat ions can be wr i t ten  d i r e c t l y  from reference 3. The per tur­









n ; i = - 2(m + v) + e cos(- + v) + 5 
3 






I I ll11111111111lIIII Ill1 
+ -
16 
e s in2 i  s in (v  - a) '(L - 2 2 s in%) s i n  ~ ( C U+ v)2 
(B12e) 
2 + v)Arl= + e s i n  v 
1 s i n  ~ ( C U  




Perturbat ions Due t o  R22 
The disturbance function R22 i s  
R22 = %RM2C22 ( z ) ~ c & ~- e2)  - g2 + 2g3(1+ cos v ) s i n  v cos v 
+ e(gl - g2)  cos v + 2g2 cos2v + Peg2 cos~v] 
The remaining expressions t o  be subs t i tu ted  i n t o  equations ( B l )  a r e  
(B14a) 
Re = 122 - 3%2c22, {-g3 cos v E  + e cos v + - 4)cos2v - 2 e cos% 







(1 - e2l3I2 E g2 (1 + - e cos v)cos% + g3(v + eC1 - 2c2 - 2""3,13nRM2c22 
(B14e) 
cos v cos%) 
+ (sin'i s i n  252' - .)(. + 
I n  expressions ( B l 3 )  t o  ( B 1 4 f )  the following de f in i t i ons  were employed: 
gl = s in% cos 252 ' 03154 
g2 = cos 3 cos a'(1+ cos2i) ­
g3 = - s in  2f.u cos "(1 + cos+.) - 2 cos 20, s i n  252' cos i ( B l 5 c  1 
g4 = 2 s i n  i s i n  252' s i n  2O, - s i n  2 i  cos 252' cos 2O, ( B 1 5 d )  
g5 = s i n  2 i  cos s i n  2ro + 2 s i n  i s i n  2il' cos .2U (B15e) 
g6 = (1+ cos2i)s in  m' cos 20, + 2 cos i cos 252' s i n  20, (B15f) 




Perturbations Due t o  R30 
The disturbance function R30 i s  
The remaining expressions t o  be subs t i tu ted  i n t o  equations ( B l )  are 




- 40eC4 s in2i  s i n  9 - 20e2C5 s in2 i  sin 30,1 

nRM3C30 s in  i 

Re = cos C O S ~ V+ 80e2sin2i cos 30, cos6v 

8a( l  - e2 )7/2 

+ c108e s in2i  cos - L e3(4f2 + 3f3flcos5v + [50 s in2 i  cos 9
5 

I I I I I I 111111 I I I1 I 1  I I I. I, . . . . 
APPENDIX B 
4 ~ 3 0s i n2i cos i 
R~ = - cot i + ~ F 2 c o s  p cos5v + 10e cos p cos4v 
4 4a( l  - e2)5/2 
+ >ti3 cos 9 - e2(cos p + 3 cos w)I cos3v - ?e(cos p + 3 cos cu)cos2v 
+ 5 r3e2(sin 30, + s i n  W) - 4 s i n  p]Cs - 40eCq s i n  - 20e2C5 s in  30-, 
~ G Q c ~ ~s i n  i 12e2sin2i s i n  30, - 30e sin% s in  cos4v 
% =  8a(l  - e2 ) 5 P- E  
fle2 - 20 s in2 i  s i n  p cos% + 3fle cos2, + 3f, cos v + 3f C3 1  




- 20 s in2i  cos W)C 3  
- 120ec4 s in2 i  cos - 60e2c5 s in2i  COS 91 
I n  equations (s16) t o  ( B l 7 e )  the  following de f in i t i ons  were employed: 
fl = ( 5  s in2 i  - 4)sin w + 5 s i n 2 i  s i n  p ( ~ 1 8 a )  
f 2  = 3(5 s inp i  - 4)cos 0) + 5 s in2 i  cos 30-, ( B 1 W  
f3 = ( 5  s in2 i  - 4)cos + 15 s in2i  COS ( ~ 1 8 ~ )  





Perturbations Due t o  R 4 0  
The disturbance function R b  is:  
0319) 
The remaining expressions t o  be subst i tuted in to  equations (Bl) a re :  
5 
cos% - "(h4 + je2h5)cos 4v - eh5 cos% 1 h cos*v4 2 5  
+ hlv + 3ehlC1 + 
(B20a) 
b e3cos8v - 1e2(e2b2 + 9b3)cos7vRe = I40 - 35mM4c4y9,2 {-$ b3e4cos9v - 8 3  7
8a2(1 - e2 
5e2b2 + Toj)cos6v + 1(e4bl - ge%2 - 2b 
6 5 
cos4v - 1(9e2b, + 2b cos% - 1ebl cos2v - 2bl cos v 
4 3 2 
+ 2b4C1 + 7eb4C2 + 9e2b4 + 2b5 - 2b4 b5 - b4) + 5e2bq]C4 
+ 9e2(b5 - b4) - 2b5]C5 + e [?e2(b5 - b4) - 7 4 %  
+ e2 p5+ e2(b5 - b4)1C7 - 5b5e3C8 - b (B20b) 
- - 
I1 1111I11l1l1111l  I I  Ill 
APPENDIX B 
where 
cos6v - '(6e2h5 + h4 cos% - eh5 COS 4v s h COS3V 

3 5 3 5  

R. 1d5e3cos7v - -1 d e2cos6v - 1e e2d4 + 3 d 5 ) c o s ~  

1 2 5  5 

R , = - 35.iiM$07/i3 e3b5 C O S ~ V  - 1b e2cos6v - 1e e%4 + 3b5)cos% 

8a2(1 - e ) 2 5  5 

- l(b5 + 3e%4 - ebb cos% - 1b4 cos2v + blv + 3eblCl
4 2 

b3 + 3e2b2)C4 

3b3 	+ e%2)C5 + 3e2b3C6 + e h  (B20e) 




I n  equations (B19) t o  (B20f) t he  following de f in i t i ons  were used: 
(B21a) 
2 
cos 2w, s in2 i  - cos 4c.o s i n4i (B21b) 
h3 = cos h s in4 i  (B21c) 
h4 = -s in  h s i n4i (B21d) 
s i n  Ztb s in2 i  + -1 s i n  h s in4i  ( ~ 2 1 e )
2 
b2 = 4 sin% [: - 5 sin2$ s i n  2w - s i n  h s in2i1 (B22b) 
b3 = 4 s i n4i s i n  h (B22c) 
b5 = 4 s i n4i cos h (B22e) 
I 
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d4 = 2 sin i cos i sin h - 2(: ­
d3 = -4sin h sin%.cos i m - 3 4  
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Figure 1.- Illustration of pertinent angles and coordinate systems. 
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Figure 2.- Sensitivity of range-rate data to variations in gravitational harmonic coefficients for a 46 - 1850 kilometer orbi t  for wh ich  wo = Oo, % = Oo, 
io= 15'. and M, = 0'. 
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Figure 2.- Continued. 
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Figure 2.- Continued. 
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(e) 6C30 = 10-5. 
Figure 2.- Continued. 
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Figure 2.- Concluded. 
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Figure 3.- Sensitivity of range data to variations in gravitational harmonic coefficients for a 46 - 1850 kilometer orbi t  for  wh ich  wo = Oo, = 0'. 
io= 15O, and Mo = 0'. 
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Figure 3.- Continued. 
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(c) 6Cz0 = 1Od'. 
Figure 3.- Continued. 
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Figure 3.- Continued. 
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Figure 3.- Concluded. 
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F igu re  4.- Effect of nodal positions o n  sensi t iv i ty of range-rate data fo r  a 46 - 1850 kilometer o rb i t  for which wo = Oo, io= 15', and  Mo = 0'. 
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Figure 4.- Continued. 
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(c) 6C20 = 10-6. 
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Figure 4.- Continued. 
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Figure 5.- Continued. 
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(c) lsca = 10-6. 
Figure 5.- Continued. 
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(d) 6C22 = 10-7. 
Figure 5.- Continued. 
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Figure 5.- Continued. 
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Figure 6.- Continued. 
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(c) 6 C a  = 10-6. 
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Figure 6.- Continued. 
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(f) 6CN = 10-6. 
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(b) 6C11 = 10-5. 
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Figure 7.- Concluded. 
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